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Abstract. We show that the orbit closure of a directing module 
is regular in codimcnsion one. In particular, this result gives infor- 
mation about a distinguished irreducible component of a module 
variety. 



Throughout the paper k is a fixed algebraically closed field. By Z, 
N, and N+, we denote the sets of integers, nonnegative integers, and 
positive integers, respectively. If i,j G Z, then denotes the set of 
all I G Z such that i < I < j. 

Introduction and the main result 

Given a finite-dimensional fc-algebra A and an element d of the 
Grothendieck group Kq(A) of the category of A- modules, one defines 
the variety mod A (/c) of A-modules of dimension vector d. A product 
GL d (/c) of general linear groups acts on mod^(A;) in such a way that 
the GLd(fc)-orbits correspond to the isomorphism classes of A-modules 
of dimension vector d. A study of properties of the module varieties 
is an interesting and important direction of research in the representa- 
tion theory of algebras (for some reviews of results see [13],[TT1,[T9] and 
for some more specific results see [31EJIE]). In particular, the author 
has showed [5] that if d is the dimension vector of a directing module 
and A is tame, then mod^(fc) is normal if and only if it is irreducible. 
In general, if M is a directing module, then the closure O(M) of the 
GLd(A;)-orbit O(M) of M is an irreducible component of mod^(A;). 
Thus the above result naturally rises a question about the properties 
of O(M). We also note that O(M) coincides with the closure of the set 
modules of projective (injective) dimension at most 1, which is known 
to be an irreducible component of a module variety in many other cases 
(see [3j Proposition 3.1] for details). 

The question about properties of O(M) for a directing module M is a 
special case of another geometric problem investigated in representation 
theory of finite-dimensional algebras, namely, study of properties of 
orbit closures in module varieties (see for example [Hl9|[T2 | l25 | l26]). 
In particular, Zwara and the author proved [TO] (using, among other 
things, the results of [7]) that if M is an indecomposable directing 

module, then O(M) is a normal variety. Recall that normal varieties 

l 



2 



GRZEGORZ BOBINSKI 



are regular in codimension one, i.e. the set of singular points is of 
codimension at least two. Thus, the following main result of the paper 
is the first step in order to generalize the above result about the closures 
of the indecomposable directing modules over the tame algebras to 
arbitrary directing modules over arbitrary algebras. 



Main Theorem. If M is a directing module, then O(M) is regular in 
codimension one. 

The paper is organized as follows. In Section [1] we recall definitions 
of quivers and their representations. We also describe properties of 
directing modules needed it the proof of our main result. In Section [5] 
we discuss interpretations of extension groups useful in geometric in- 
vestigations. Next, in Section [3J we define module schemes and some 
schemes connected with them. Finally, in Section HI we proof the main 
result of the paper. 

The main idea of the proof is the following. We first observe that 
each minimal degeneration N of a directing module M (i.e. a module 
N whose orbit is maximal in O(M) \ O(M)) over an algebra A is of 
the form N = U ®V for a short exact sequence 

Now we use a connection between the tangent space T N mod^(A;) to the 
module variety at N and the first extension group. As a consequence, it 
follows that Ext\(V,U) measures a difference between dimO(M) and 
dinifc T/v mod A (A;). On the other hand, we show for a general minimal 
degeneration N of M, that if 

6:0->17->Wi->17->0 and f 2 :0->V->W 2 ->V->0 

are short exact sequences, then (£1,^2) corresponds to an element of 
TnO(M) if only only if the sequences £i.o£ and £ o£ 2 determine the same 
element in Ext A (V, U). We prove that the space of such pairs of se- 
quences is of codimension dim fc Ext A (V, U) in Ext A (C/, U) x Ext A (V, V), 
and this will finish the proof. 

For a basic background on the representation theory of algebras (in 
particular, on tilting theory) we refer to [TJ. A functorial approach 
to schemes in algebraic geometry used in the article is explained for 
example in [16J. 

An article was written while the author was staying at University 
of Bielefeld as Alexander von Humboldt Foundation fellow. The au- 
thor expresses his gratitude to Professor Ringel for his hospitality and 
helpful discussions. 
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1. Preliminaries on quivers and their representations 

In this section we present basic facts about quivers and their repre- 
sentations. We also collect facts about directing modules necessary in 
the proof. 

By a quiver A we mean a finite set Ao of vertices and a finite set 
Ai of arrows together with two maps s,t : Ai — > Aq, which assign 
to an arrow a £ Ai its starting vertex s a and terminating vertex t a , 
respectively. By a path of length n G N + in A we mean a sequence 
a = «i • • -a n of arrows such that s ai = t ai+1 for each i G [l,n — 1]. 
We write s a and t a for s Qn and t ai , respectively. Additionally, for each 
vertex x of A we introduce a path x of length such that s x = x = t x . 

With a quiver A we associate its path algebra kA, which as a A;- vector 
space has a basis formed by all paths in A and whose multiplication is 
induced by composition of paths. If p = \ia± + ■ ■ ■ + A n a n for scalars 
Ai, . . . , A n G k and paths a%, . . . , a n G x(kA)y, where x, y G A , then 
we put s p = y and t p = x. Such p is called a relation in A if the length 
of o"j is at least 2 for each i G [l,n]. A set 91 of relations is called 
minimal if for every p G 91, p does not belong to the ideal (91 \ {p}) of 
kA generated by 91 \ {p}. A pair (A, 91) consisting of a quiver A and 
a minimal set of relations 91, such that there exists n G N + with the 
property a G 91 for each path a in A of length at least n, is called a 
bound quiver. If (A, 91) is a bound quiver, then the algebra kA/ (91) is 
called the path algebra of (A, 91). 

Let R be a commutative fc-algebra and (A, 91) a bound quiver. By an 
^-representation of A we mean a collection M = (M x , M a ) xe A ,aeAi 
of free R- modules M x , x G A , of finite rank and i?-linear maps M a : 
M Sa — > M ta , a G Ai. An ^-representation M of A is called an R- 
representation of (A, 91) if M p = for all p G 91, where we put M x = 
ld.M x for x G A , M a = M ai ■ ■ • M an for a path a = a%- • -a n with 
a%, . . . , a n G Ai, and 

M p = AiM ffl + • • • + X n M an 

for p = AiCTi + ■■■ + A n cr n with scalars Ai,...,A n G k and paths 
a%, . . . ,a n G x(kA)y, where x, y G A . By a morphism / : M — > we 
mean a collection (/a;)xGAo of i?-linear maps / x : M x — > A^ x , x G Ao, 
such that f ta M a = N a f Sa for each a G A 1 . If A = fcA/(91), then 
the category of ^-representations of (A, 91) is equivalent to the full 
subcategory modA(-R) of the category of A-i?-bimodules formed by the 
bimodules M such that xM is a free -R-module for each x G A (see 
for example [1- Theorem III. 1.6] for this statement in the case R = k). 
We will identify such A-i?-bimodules and ^-representations of (A, 91). 
For M,N G modA(-R) we denote by Hohia(M, N) the space of homo- 
morphisms from M to N in modA(-R). Moreover, if dim^ R < oo, then 
[M, N] denotes dim^ HomA(M, N). Similarly, for n G N + we denote by 
Ext^(M, N) the n-th extension group in the category of A-_R-bimodules 
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and, if dim fc _R < oo, by [M, N] n the dimension of Ext^(M, N) over k. 
For an ^-representation M of A its dimension vector dimM G N A ° is 
defined by (dimM) x = t\lrM x for x G A . 

In the rest of this section we will work in the category modA = 
modA(fc) of A-modules for the path algebra A of a bound quiver (A, ISH). 
For subcategories A and B of modA we denote by A V B the additive 
closure of their union, i.e. the full subcategory of modA whose objects 
are M © N with M G A and N e B. 

By a path in modA we mean a sequence X — > X x — > • ■ • — > X„ 
of nonzero maps between indecomposable A-modules for n G N + . A 
A-module M is called directing if there exists no path of the form 

M' -> ► rX -> * -> X -> • M" 

for an indecomposable nonprojective A-module X and indecomposable 
direct summands M' and M" of M, where r denotes the Auslander- 
Reiten translation in modA- If M is indecomposable, then M is direct- 
ing if and only if there is no path in modA of the form M M 
(see |THl Section 1, Corollary]). 

A A-module T is called tilting if [T, T] 1 = 0, pd A T < 1, and there 
exists an exact sequence of the form 

-> A -> T' -> T" -> 

for T',T" G addT, where for a A-module M we denote by addM the 
full subcategory of modA consisting of direct sums of direct summands 
of M. Any tilting A-module T determines the torsion theory (T, J 7 ), 
where 

T = JF(T) = {X G mod A | [T, X] = 0} 

and 

T = T(T) = {N G mod A | [T, N} 1 = 0}. 

An algebra A is called tilted, if there exists a hereditary algebra S and 
a multiplicity free tilting E- module T such that A ~ Ends(T) op . It is 
known that if A is tilted, then gl. dim A < 2 and there are no oriented 
cycles in A. 

Let M be a directing A-module. Then the support of M is convex p2, 
Lemma 1.1], where by the support of a A-module N we mean the 
full subquiver of A whose vertices are all x G A such that N x ^ 0. 
Moreover, a full subquiver A' of a quiver A is called convex if for 
each path x — > ■ ■ ■ — > x n , n G N+, in A with x ,x n G A' Q , Xi G AJ, 
for all i G [l,n — 1]. Consequently, we may assume that considered 
directing modules are sincere, i.e. M x ^ for all x G Ao- If this is 
the case, then there exists a directing tilting A-module T, such that 
addM C addT [2]. 

Assume now that T is a directing tilting A-module. We have the 
following properties, which are either a general statements of tilting 
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theory or were proved by Bakke [2]. First of all, A is a tilted algebra. 
Secondly, modA — J-VT. Moreover, pd A A" < 1 for all iV G T V add T, 
id A iV < 1 for all N e T, and [N',N"\ = and [N",Nf = for 
all N' G T and N" G T. Finally, modules in addT are uniquely 
determined by their dimension vectors and if [X, T] ^ and [T, X] ^ 
for an indecomposable A-module X, then X G addT. 

Now assume that A is tilted (more generally, gl. dim A < 2 and there 
are no oriented cycles in A). We define the Euler bilinear form (— , — ) : 

Z A x Z A __, Z by 

<d',d-> = £ d'j>- y: 

for d',d" G Z Ao . It is known (see pH 2.2]), that if M and N are 
A-modules, then 

(dimM, dim N) = [M, N] - [M, N} 1 + [M, N} 2 . 

We also have the Euler character isitic x '■ ^ Ao ~^ ^ defined by x(d) = 
(d,d). 

2. Interpretations of extension groups 

Throughout this section we assume that A is the path algebra of a 
bound quiver (A, Moreover, R is a commutative fc-algebra. Our 
aim is this section is to present interpretations of extension groups, 
which are useful in geometric considerations. 

We first present a construction investigated by Bongartz [12]. For 
two collections U = (U x ) x ^a and V = (V x ) xe ^ of free i?-modules of 
finite rank we introduce the following notation: 

V v ' u = J] Eom R (V x ,U x ), A v,u = H ttom R (V Sa ,U ta ), 

xsA aGAi 



and 

iaV,U 



l[Eom R (V Sp ,U tp ). 



If M G modA(-R), then we denote also by M the corresponding collec- 
tion (M x ) xE a of free i?-modules. 

Fix U,V G mod A (i?). If Z G A v ' u , then we define Z^ u for p G 
x(kA)y, where x and ?/ run through A , in the following way: Z^ ,u = 
for x G A , 

Za' U = ^ ' ' ' ^a i ^ 1 Z ai V ai+1 ■ ■ ■ V an 

ie[l,n] 

for a path a — a\ ■ ■ ■ a n with ai, . . . , a n G Ai, and 

Z p - H r X n^ an 
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for p = Ai<7i + ••• + X n cr n with scalars Ai, ...,A„ G k and paths 
(Ti, . . . , a n G x(kA)y, where x, y G A . Observe that Zj^ 2 = Zjf r V p2 + 
U Pl Z^ u for all possible pi and p 2 with s Pl = t P2 . We define Z^' 17 as the 
set of all Z G A v ' u such that = for all p e 9t. For Z G Z^ 17 we 
define an ^-representation W z of A by VKf = C/ x © 14 for x G A and 



o 14 



, a G Ai. 



Then W.f = for all p G 91, hence VF Z G modA(-R). Moreover, we 
have a short exact sequence 

in modA(-R), where the maps f z and g z are the canonical injection 
and the canonical projection, respectively. On the other hand, for 
every short exact sequence 

f : -> C/ -> M -> V ^ 

of A-i?-bimodules, there exists (nonunique) Z G Z y,c/ such that = 
[£]. More precisely, the map Z v ' u — > Ext A (V, (7), Zh-> is a surjec- 
tive i?-linear map. The kernel M v,u of this map consists of Z G Z^' 17 
such that the corresponding sequence splits, i.e. there exists h G Y v ' u 
such that Z a = U a h Sa — h ta V a for all a G A x . From now on we identity 
Ext\{V,U) with Z v > u /M v > u . Observe that 

dim fc Z v > u = [V, U] 1 - [V, U\ + dim fc R • ^ rk B C/ x • rk^ 14 

seAo 

provided dim fc _R < oo. 

We also present interpretations of some other homological construc- 
tions. 

Proposition 2.1. Let U,V,M G mod A (i?). 

(1) If h G HoniA([/, M), £/ien t/ie homomorphism 

Ext\(V, U) - Ext A (l/, M), [£] ~ [/i o £], 
is given &?/ 

Z + B^ 17 ^ (V2 a ) + B y ' M . 

(2) If h G HomA(M, V), t/ien £/ie homomorphism 

Ext\(V, U) - Ext A (M, [/), [£] H^ofc], 
is given &?/ 

Z + ^ (ZJi^+B^. 
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Proof. We only prove the first assertion. The proof of the second one 
is dual. Fix Z G Z v ' u and let Z' a = h ta Z a for a G A x . It follows easily 
that Z'V< M = h tp Z^ u = for all p G % hence Z' G Z V ' M . We define 

/i' G Hom A (W z , W^') by 

ft4(ii) = h x (u), u G C4, and h' x {v) — v, v G \4, 

for x G A . Since = /i'/ Z and g z 'h! = g z (recall that W z = 

U x © V x and = M x © V x for all x E A , f z and / z ' are the 

canonical injections, while g z and g z are the canonical projections), 
— ° £ Z ] > an d this finishes the proof. □ 

We would like to have an analogous interpretation of second exten- 
sion groups and the homomorphisms 

Ext\(V, U) - Exti(y, M), [£] ^ [6 o £], 

and 

Ext A (V, C/) - Ext A (M, [/), [£] ^ [i o 

for [&] G Ext A (C/,M), [6] G Ext A (M, V), and A-modules [/, V, M. 

We first present an interpretation of second extension groups. For 
iV G mod A (P) we define ^-representations P N and il N of (A, 91) and 
homomorphisms : — >■ P w and y^ : P w — > AT such that P w is 
projective in mod A (P) and the sequence 

£ N : o — n N -C P w ^ AT -> 
is exact, in the following way: 

Pj v = Q)xAy®N y , xeA , 
yeA 

n x = © x(rad A)y © JV V , x G A , 
2/eAo 

P<^((J ® n) — aa <g) n, a G A l5 cr G s a Ay, n G A^, y G A , 

^« (°" ® n ) = oto~ ®n — a® N a n, 

a G A 1 , a G s Q (radA)?/, n G A^, y G A , 
fx( a ® n ) = o- ® n — x ® N a n, a G x(rad A)y, n G N y , x,y G A , 
5^ (c <8m) = Ao-n, a G xAy, n G A^, x,y E A . 

We now assume until the end of the section that R = k, i.e. we are 
working in the category mod A . 

Proposition 2.2. If M and N are A-modules, then the map 

Ext\(Q N , M) -> Ext A (7V, M), [£] » [£ o 
is an isomorphism. 
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Proof. Since P N is projective, the claim follows by standard homolog- 
ical algebra (see for example [2"Tl Chapter III]). □ 

From now on we identify Ext\(N, M) with Ext^fF, M), hence with 
Z nN ' M /M nN ' M , for any A-modules M and N. 

Proposition 2.3. Let U, V and M be A-modules. 

(1) If Z G TF ,m , then the homomorphism 

Ext\(V, U) - Exti(V, M), [£] ~ [e z o £], 
given by Z' + B y,c/ ^ Z" + w/iere 
Z" a [o ®v) = Z a Z'V> u v , a G Ai, a G s Q (rad A)y, t> G V^, y G A . 

(2) If Z £ 7j M,v , then the homomorphism 

Ext\(V, U) - Exti(M, U), [£] ^ [£ o i% 

is given by Z' + M v ' u ^ Z" + B aM ' u , where 

ZZ(a ® to) = Z^Z* f ' y TO, a e A b a G s Q (rad A)y, m e M y , y e A . 

Proof. We only prove the first assertion, the prove of the second one is 
analogous. Fix Z' G and let Z" G A Q > be defined in the way 
described in the proposition. One easily checks that Z" G Z n ' . We 
need to show that ] = [£ z °£, V }- In order to do this, it is enough 

to construct homomorphisms h : W z — > iy z and ft/ : P y — > such 
that / z = f z 'g z h = h'f v g z ", and = g v . Such maps are 

defined by 

h x {m) = to, to G Mj, 
h x (o~ <S> v) = Z^'%, cr G x(rad A)y, t> G V^, y G A , 

and 

® v) = Z^v + K^, a G xAy, v eV y , ye A , 

for x G Ao- □ 

We now construct a "smaller" model of Ext\(N,M) for M,N G 
mod A . Let B /7V ' M be the image of the map A N > M -> M^ M , Z ^ (Zf> M ). 

We define also : Z fiiV ' A/ -> R^ M by 

$ Ar ' M (Z) p (n)= ^ ^ A,.\/„. , ^....(m;.;.,---,.;,,, //) 

ie[i,J] je[i,7Tt,-i] 

for p G and n G N Sp , if p = Ai(7i + • • • + AjO"; for scalars Ai, . . . , A; G k 
and paths cr* = a^i • • • G t p (kA)s p with a i( i, . . . , a iiTOj G Ai, z G 
[1,/]. 
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Proposition 2.4. Assume that A is tilted. If M, N E mocLA, then 
qN,m ^ g an e pi mor pfii sm such that 

Ker$^ M C B nN > M and qW^M) = B 'N,m 

In particular, <fe N > M induces an isomorphism 

Exti(iV, M) ~ M. N ' M /M' N ' M . 

Proof. We first show that Ker $ N > M C B nN > M , i.e. for Z E Ker $ N ' M we 
construct h E V qN ' m such that Z a = M a h Sa - h ta Vt% for all a E A x . 
The definition of such h is recursive, namely 

h ta (a®n) = 0, a E A u n E N Sa , 

and 

h ta {aa (g) n) = M a h Sa (a ® n) - Z a (a ® n), 

a E A 1 , a E s a (iadA)y, n E N y , y E A . 

In order to prove that $^ M (B nJV - M ) C B' W ' M , take /i E Y nN ' M and 
let Z a = M a h Sa — h ta £la f° r a e ^i- Direct calculations show that 

® N ' M {Z) p {n) Yl E A,,U„..,..„.., .//,,.. (n,. ; ® ^,. ( .,..,,,.„„ n) 

i6[l,i] je[l,mi-l] 

for p as above (in the definition of $ N > M ) and n E N Sp , i.e. $ N > M (Z) = 
(Z' p N ' M ) for Z' E A N ' M defined by Z;(n) = h ta (a <g> n) for a G A x and 
n G A" sct . 

We now show that M' N ' M C $^ M (B QiV ' M ). Take Z G A N,M . The 
above calculations show that if we define h E Y Q ' M by 

/i ta (a <g) n) = Z a (n), a E Ai, n G A" Sq , 

and 

h ta (aa <g) n) = 0, ct G A 1; a G s a (radA)y, n G A^, y G A , 

and Z' G B niV ' M by = M a h Sa -h ta Q% for a G A 1; then $^ M (Z') = 
{z n, M) , 

Finally we show that Im^^ = R N ' M . Observe that dim^R^ = 
J2 P eR d" Sp d't p -> where d' = dim M and d" = dim N . On the other hand, 

dim fc Im $ N > M 

= dim fc Z n " M -dim fc Ker$ JV ' M 

= (dim fe Z QN > M - dim fc M nN > M ) + (dim fe B^ M - dim fc Ker $^ M ) 

= [AT,M] 2 + dim fe B ,iV ' M 

= [N, Mf + dim fc A N > M - dim k Z N ' M 

= [N, Mf + d "sA a - W, M} 1 + [N, M}-J2 « 

aGAi xeA 
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= <d",d'> + d'sJi - £ « = £<A> 

hence the claim follows. □ 

We remark that we could replace the assumption A is tilted by a 
more general assumption that there are no oriented cycles in A and 
gl. dim A < 2. Moreover, this assumption is necessary only for proving 
that $ JV ' M is surjective, or more generally, in order to identify Im Q N ' M . 
We also mention, that the above obtained description of second exten- 
sion groups is a trace of a much more general construction investigated 
by Butler and King [Hj. In particular, using their results one could 
identify Im <f> N ' M in a general case. 

Using the above isomorphism we can give another formulation of 
Proposition 12.31 This formulation could also be deduced from [13]. Let 
U, V and W be A-modules. For Z' G Z v ' u and Z" G T wy we define 
Z' o Z" G M. w ' u by 

(Z'oZ") p = 

ie[i,qii,i2e[i,mi-i] 

for p G £H, if p = AifTi + ■ ■ ■ + Xicri with scalars Ai, . . . , A/ G k and paths 
(Ti = • • ■ a iimi G t p (kA)s p , where c^i, . . . , a i)m . G A x , i G [1,1]. 

Proposition 2.5. Let {7, V and M be A-modules. 

(1) If Z G 7* U,M , then, under the isomorphism induced by $"> , t/ie 
homomorphism 

Ext* (V, U) - Exti(V, M), [£] ^ [e z o e], 

0iwen 6?/ Z' + B y,c/ ^ Z o Z' + M' V ' M . 

(2) If Z £ Jj M ' v , then, under the isomorphism induced by <& M ' U , 
the homomorphism 

Ext\(V, U) - Exti(M, C/), [£] h-> [f o 

given by Z' + B 1 ^ ^ Z' o Z + W M > U . 

Proof. Direct calculations. □ 



3. Module schemes 

Throughout this section A is the path algebra of a bound quiver 
(A, 9t). We define in this section the schemes of A-modules. We also 
investigate subschemes of products of module schemes consisting of 
pairs of modules with given dimensions of the homomorphism space 
and the first extension group. 

For d G N A ° and a commutative fc-algebra R, let R d = (R dx ) x eA - 
If M G A R > R , then we can treat M as an /^-representation of A 
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by taking M x = R dx for x G A . In particular, M p is defined for 



each p G x(kA)y with x,y G A . Obviously, if M G A ' , then 
M G mod A ( J R) if and only if M p = for all p G R. We define mod^(i?) 
as the subset of all elements of A Rd ' Rd for which the above condition 
is satisfied. Then mod^ is a functor from the category of commutative 
fc-algebras to the category of sets, which is an affine scheme. We call 
mod^ the scheme of A-modules of dimension vector d. Note that if 
M G modA(-R) and dimM = d, then there exists (usually nonunique) 
M' G mod^(i?) such that M ~ M' . Consequently, we will usually treat 
A-modules as elements of mod^(A;). 

We now generalize a construction described by Zwara [2H Section 3] . 
For d', d" G N A ° and d G N we denote by ' d the subscheme of 
mod^ x mod^ such that ' d (k) consists of all (U, V) G mod d (k) x 
mod d (k) such that [V, U] = d. We briefly describe its construction. 

Fix a commutative fc-algebra R. Recall that for V G mod^ (R) we 
constructed in Section [5] the exact sequence 

with P v projective. Iterating this construction we obtain the exact 
sequence 

In particular, for each U G mod d (R) we have the exact sequence 

- Hom A (U, U) H ° mA(gV>) . Hom A (P v , U) H ° m A(/ v g " V .cO, H om A (P QV , U). 

Recall that 

p v = A x ® R d " and P QV = Ax <g> a;(rad A)y ® R d y . 

x£A x,y&A 



Consequently, 



Rom A (P v ,U) ~ R d '* d " 



and 



Moreover, 



Rom A (P QV ,U) ~ i^^'®ar(radA)2/. 



/Js 1 " (CTI ® (T 2 <g> U) = <Xl<X 2 g) U - X ® V a2 V 

for all o"i G ;zAx, cr 2 G rr(radA)?/, u G x,y,z G A , hence if we fix 
bases in x(radA)?/ for all x,y G A , then simple (although technical) 
analysis shows that there exists a morphism <p : mod d x mod d — > M p _ 9 
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such that Rom A (f v g n ,U) is given by ip(U,V) for all U G mod^ and 
V e mod^ , where for 

p — d' x d'x an d Q — yj d' x dy dim fc (x(rad A)y) 

x-eA x,yeA 

Mp q denotes the scheme of p x g-matrices. We define H d ' to be 
the inverse image by (p of the reduced subscheme of M Pi9 whose k- 
rational points are the p x g-matrices of rank r with coefficients in k 
(see [211 Subsection 3.2]). Obviously, 

H d ' ,d "(k) = {(U,V) G modf (A;) x modf (k) | [V,U] = d}. 

Let Rq = k[e]/(e 2 ) and let 7r : i?o — > k be the canonical projection. 
Recall, that if T is a scheme, then for x G ^{k), JF(7t) _1 (x) can be 
interpreted as the tangent space T x T{k) to ^(fc) at x. The proof of 
the following proposition just repeats the arguments used in the proof 
of [2"^l Lemma 3.5], hence we omit it. 

Lemma 3.1. Let M G modi'(i? ) and N G modj"(i2o). Put U = 
modf(7r)( M ) and V = modf (tt)(JV). T/ien (M, AT) G H d '' d "(R ) if 
and only if [V, U] = d and [N, M] = 2d. 

We now give another interpretation of this result. Fix W G mod A (k) 
for a dimension vector d. If L G modi(7r)~ 1 (W / ), then L = W + eL for 
some L G A k ,k . Observe that 

■=-w.w 
L P = W P + eL p 

for all p G x(kA)y with x,y & A . This implies that the map 

mod£ (tt)- 1 (WO ^L^Le Z w > w 
is well-defined and bijective. 

Proposition 3.2. Let M G mod^-Ho) and N G modjf (.Ro) ■ Pu* 
C/ = modi(vr)( M ) «^ ^ = modf (tt)(JV). T/ien (M, AT) G ft d '' d "(#o) 
i/ and onZy »/ [V, C7] = d and [£ M o/] = [/o^] /or a// / G Hom A (V, C7). 

Proof. We need to show that under the assumption [V, U] = d, the con- 
dition [N, M] = 2d is equivalent to the latter condition in the propo- 
sition. Observe that a homomorphism f : N —> M is of the form 
f = f° + ef l for f°, f l G V fed "- fcd ' such that 

U a fl = ftV a and U a fl + MJl = f]V a + /°I a 

for all a G Ai. The first condition means that f° G Hom A (V,U), 
hence the dimension of the set of such f° equals d. Consequently, the 
condition [N, M] = 2d is equivalent to the statement that for each 

/ G Hom A (V, U) the set of g G V fcd >fcd such that 

M a f Sa - f ta N a = g ta V a - U a g Sa 
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for all a £ Ai, has dimension d. However linear algebra says that this 
is that case if and only if this system of equations has a solution, i.e. if 
and only if (M a f Sa — ft a N a ) £ M v,u , what finishes the proof according 
to Proposition 12.11 □ 

We now extend the above construction to extensions. Fix d! £ N. If 
V £ mod^ (k), then we have the exact sequence 



Repeating the previous construction (using also HomA(/ SiV ^ !1 ,U) 
this time) we define the subscheme S dd , of TC d ,d such that (U, V) £ 
S d'f'( k ) for (U, V) £ H d '' d "(k) if and only if [V, U} 1 = d'. Moreover, if 
(M, N) £ H*' d "(Ro) : U = modi' (tt)(M) and V = modf (n)(N), then 
(M, N) £ Sd'f'(Ro) if and only if [V, U} 1 = d! and [N, M] 1 = 2d'. An 
alternate description of £ d d , (Rq) is the following. 

Proposition 3.3. Let M £ mod d '(i? ) and N £ mod*" (-So). Put 
U = modf (vr)(M) and V = modf (ir)(N). Then (M, N) £ £ d j d "(#o) 
if and only if (M,N) £ V$ A " (Rq), [V^U] 1 = d! , and [e 30 ^] + [£<>£*] = 
/or a// [f] £ Ext^(V,C7). 

Proof. We need to show that, under the assumptions [V, t/] 1 — d' and 
(M,iV) £ ftf^-Ro), the condition [N, M] 1 = 2d' is equivalent to 
the condition o £] + [f o £ F ] = for all [f] £ Ext\(V, C/). Thus 
assume that (M, TV) £ H d '' d "(R ) and [V, C7] = d'. Since Ext\(V, U) = 
Z v ' u /M v > u and Ext\(N,M) = Z N > M /B N > M , it follows that [N, M] 1 = 
2d' = 2[V, U} 1 if and only if dim fe Z N ' M = 2 dim k Z v ' u . 

If Z £ A^, then Z = Z' + eZ for some Z', Z £ A fcd "> fcd ' . Moreover, 
easy calculations show that Z £ Z N,M , i.e. Z^' M = for all p £ 9^, if 
and only if Z' £ Z^'* 7 and 

M o Z' + Z' oN + $ V ' U (Z) = 0. 

Consequently, dim fc Z N > M = 2 dim k Z v ' u if and only if Z' £ Z v > u and 

the set of Z £ A ' such that the above condition is satisfied has 
dimension dim^ Z v,u . Since Ker Q v,u = Z v ' u , linear algebra says that 
dim fc Z NM = 2 dinr^ Z v < u if and only if MoZ'+Z'oN £ Im § v > u = M' v ' u 
for all Z' £ Z v,u , and this finishes the proof according to Proposi- 
tion 1223 □ 

Let d £ N A °. The product GL d (A;) = rL e A GL ^O) o f general 
linear groups acts on mod d by conjugation: 

(g ■ M) a = g ta M a g£, g £ GL d (k), M £ mod£(fc), a £ A v 
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If 0(M) denotes the GL d (A;)-orbit of M G modj[(A;), then 0{M X ) = 
0(M 2 ) for Mi, M 2 G mod^(fc) if and only if M x ~ M 2 . It is known (see 
for example [23 2.2]) that 

dimO(M) = dimGL d (A;) - [M, M] 

for M G mod d (£;). We put 

a(d) = dim A fed ' fed - ^ d s p d tp - 

Note that a(d) = dimGL d (&) - x(d). Fix M G mod%(fc ). It fol- 
lows from Voigt's result [22] that the Zariski closure O(M) of C(M) 
is an irreducible component of mo d%(k) provided [M, M] 1 = 0. More- 
over, if [M, M] 2 = 0, then M is a regular point of mod d (A;) [T7], i.e. 
dimfc Tm mod A (/c) equals the maximum of the dimensions of the irre- 
ducible components of mod d (A;) containing M. Finally, if A is tilted 
and [M, M] 1 = = [M, M] 2 , then dimO(M) = a(d). 

Let M,N G mod^O) for d G N A °. We call JV a degeneration of M 
and write M < dcg AT if AT G C(M). A deneneration M < deg N is called 
minimal if M ^ N and either M ~ L or A" ~ L for each L G mod A (A;) 
such that M < deg L < deg AT. If M < deg A" and M ^ N, then we write 
M< deg AT. 

4. Proof of the main result 

Throughout this section we fix a sincere directing module M over 
the path algebra A of a bound quiver (A, 9^). Recall, that this implies 
that A is a tilted algebra. We also fix a directing tilting module T such 
that addM C addT. Let T 1; . . . , T n be the pairwise nonisomorphic 
indecomposable direct summands of T, JF = T(T) and T = T(T). 
Upper semicontinuity of the functions [T, —],[—, T] 1 : mod A (/c) — > Z 
(see for example [151 Lemma 4.3]) implies that F A and T d are open 
subset of mod^(k) for each d G N Ao , where ^4. d = A R mod A (A;) for a 
subcategory ^4. of modA and d G N A °. In order to generalize the above 
observation we need the following lemma. 

Lemma 4.1. IfN',N" G T and [T h N'] = [T h N") for all i G [l,n], 
then dim = dimN" . 

Proof. We have the isomorphism $ : Z A ° — > Z n induced by the assign- 
ment dimN ^ ([Ti,N] - [T», A^] 1 ) (see [H Theorem VI.4.3]). Since 
$(dim AT) = ([T», AT]) for all N eT, this implies the claim. □ 

For W C modJ'(Jfe) and W" C modf (jfe), where d', d" G N A °, let 
W © U" be the subset of mod A +d (A;) consisting of M such that M ~ 
M' © M" for some M' G W and M" G W". 
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Corollary 4.2. If d', d" G N A °, t/ien .F d ' © T d " a /oca/Zy closed 
subset o/mod d+d (k). 

Proof. Let d = d' + d" and N G mod£(A;). If N ~ N' © JV" for 
N' E J 7 and A/ 7 ' G T, then [T i; iV] = [T<,iV"] = (dimTj, dimiV") for 
each % G [l,n]. Consequently, it follows from the previous lemma that 
N G F d ' © T d ", i.e. dim = d", if and only if [T i: N\ = (dimT;, d") 
for all % G [l,n], hence the claim follows. □ 

Lemma 4.3. If N is a minimal degeneration of M , then there exists 
an exact sequence 

such that N ~U ®V. 

Proof. If there is not such a sequence, then the minimality of the de- 
generation M <de g N and [231 Theorem 4] imply that there exists an 
indecomposable direct summand X of N such that M' <d eg X for a 
direct summand M' of M. In particular, 

[M',X] = [M^X] 1 + x(dimM') > 0. 

Similarly, [X, M'\ ^ 0. Consequently, X G addT, hence X ~ M', a 
contradiction. □ 

Corollary 4.4. // U G T and T G T are such that U ^ and C © V 
zs a minimal degeneration of M, then there exists an exact sequence 

Proof. According to the above lemma there exists an exact sequence 

a : -> U' -> M -> V -> 

such that [/' © V ~ [/ © V. Since [M, E7] = 0, U must be a direct 
summand of [/'. Let 

a' = p o a : -»• U -»• M' -»• V" -»• 0, 

where p : £/' — ► [/ is the canonical projection. Since £/ G" addM, a' 
does not split. Consequently, 

M < deg Kerp © M' < deg Kerp © £/ © V ~ Z7' © V" ~ ?7 © V, 

hence M ~ Ker p © M' and Ker p © V ~ V by the minimality of the 
degeneration M <d eg N. Moreover, we have a short exact sequence 

M' © Kerp -> V" © Kerp -> 

and the claim follows. □ 

Proof of the main result. Let X be an irreducible component of 0(M)\ 
O(M). Our aim is to show that there exists an open subset of X such 
that all points of this subset are regular points of O(M). Since modA = 
JFV T, it follows from Corollary 14.21 that there exist d', d" G N A ° such 
that U = (T d ' © T d ") n X is an open subset of X. If d' = 0, then 



16 



GRZEGORZ BOBINSKI 



icU N < 1 for all N G U, hence the claim follows. Thus assume that 
d' ^ 0. Let d = min{[iV,iV] | N G X}, d% = min^iV] 1 | iV G A?}, 
and Uq be the subset of IA consisting of all N G U. such that [N, N] — do, 
[N, N} 1 = di, and N does not belong to an irreducible component of 
O(M) \ O(M) different from X. Then Uo is an open subset of X. 
Moreover, all points of Uq are minimal degenerations of M. We show 
that all points of Uq are regular points of O(M). 

We first observe that in order to prove the above claim it is enough 
to show that dim fe L(U,V) < a(d') + o(d") - [V,U] 2 for all U G T A ' 
and V G T d " such that U © V G U , where 

L(U,V) = T U(BV ((modf(k) x modf (k)) D 0(M)), 

for [/ G mod d (A;) and V G mod d (A;), and we identify mod^ (k) x 
mod d (A;) with 

[/ G modJ'(Ar), V G modf (jfe) | c modf A;). 

Indeed, if iV G W , then without loss of generality we may assume that 
N = U © V for U G T A ' and V G T d ". Consequently, 

T n O(M) c L(E7, V) © Z^ © Z y ^ 
(here we use that TV modf k) = Z N ' N ). Since 
dim fc Z uy = « - ( d '> d ") 

and 

dim fc Z v > u = <•< - % U] + W, U} 1 ' 

the required inequality implies dinn, T n O(M) < a(d) = dimC(M), 
and this will finish the proof. 

Now we fix U G T A ' and V G T d " such that (U, V) G U . Observe 
that [U,V] = (d',d"), [U, V] 1 = 0, and [V,U] = 0. Recall also that 
[U®V,U®V]=d and [U @V,U @ V} 1 = d x . Finally, [U, U} 2 = and 
[V, V] 2 = 0. Consequently, [V, U] 1 = d, where 

d = d 1 -d + x(d') + X (d") + (d',d"), 

thus Wo C . Observe that Uq is open in (mod d (k) x mod d (k)) fl 
O(M), hence L(U,V) = 7V e yZY C T^y-jE^f' . Recall that according 
to Proposition G£2 T (l/iy) £ d j d " consists of Z") G Z 17 ^ x Z v < v such 
that o f] + [f o = for all [f] G Extf V, 17). Since [/ © V is a 
minimal degeneration of M, there exists a short exact sequence of the 
form 



j U 

( o y 
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by Corollary 14.41 Moreover, pd A M < 1, hence the map [V, V] 1 — > 
[V, U} 2 , [£'] — > [£ o £'], is surjective. Consequently, the map 

: Z^ x Z yy -> Ext A (V, [/), Z") ^ \Z Z ' o + o ^"], 

is surjective. Finally, using Tmv)^od d C Ker\l>, dim fe Z' 7 ' 17 = a(d'), 
and dimfc Z v,v = a(d"), we finish the proof. □ 
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